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Tema 3

O6o06uweHHass meopema CmoyHa

B mnpeapinymiel nekmuu paccMaTpuBaliach TeOpema, Jarolias OTBET Ha BOMIPOC O
BO3MOXHOCTH TOYHOI'O0 MNpPCACTaBJICHUSA (bYHKIII/II/I MHOTI'UX IEPEMCHHBIX (bYHKIII/IflMI/I OTHOT'O
nepemeHHoro. Oka3alioch, 4YTO B KJacce HEMPEPBIBHBIX (YHKIUH Takoe MpeICTaBICHHE
BO3MOKHO. Ho Kpome Bompoca 0 TOYHOM MPECTaBICHUH CYIIECTBYET €Il OJUH: BO3MOXKHO JIH
NpUOAN3UTh (PYHKIIMIO MHOTUX NEPEMEHHBIX, UCMONb3ysd (PYHKUHMHU OAHOTO NEpeMeHHOro. Bo
MHOTI'HUX CJIy4asaX 3TOT BOIIPOC BA)KHEC, BEAb BHIYHUCIICHUC OOJIBIIMHCTBA (bYHKIII/II\/’I IMPOU3BOJAUTCA
MPUOIKCHHO JIaXKe NMPU HAIWYUU «TOYHBIX» (hopmyn. O0oOmenHas teopema CToyHa aaer

YTBEPAUTENBHBIA OTBET HA 3TOT BOIIPOC.

Onpenenenune. [lonmuoxxectBo M mpoctpancTBa X Ha3bIBaeTCsl KOMIIAKTHBIM, €CIIH
BCSKasi CUCTEMAa OTKPBITHIX MHOXECTB MPOCTpaHCTBa X, MOKphIBatomias M, colep>KUT KOHEUHYIO
MOJICUCTEMY, KOTOpasi TaKXkKe IMOKPhIBAaeT MHOKeCTBO M.

Omnpenesenne. IIpocTtpancTBo X Ha3pIBa€TCSI HOPMAIBHBIM, €CIH IS JIFOOBIX

HEIepeceKaouXcs 3aMKHYThIX MHOKeCcTB F, F, u3 X cymecTByroT Takue Henepecekaromuecs

oTKpHITHIE MHOKeCTBA G;,G, uto F, I G,F, [ G,.

[Tycts C(X) — MHOXXECTBO BCEX BEIIECTBECHHBIX HENPEPHIBHBIX (DYHKIIHMH, OTIPE/IeIeHHbIX Ha X.
Onpenenenne. [oBopsat, uto MHOKecTBO B1 C(X) pasmenser Touku mpocTpaHCTBA

X, xorna s 1000 mapbl TOYEK (Sl,SZ)T X cymecTByer ¢pynkuus X1 B, ymosnerBopsiomas

YCIIOBHIO X(Sl) 1 X(g)

/I Cnenyromas TeopeMa Jijisi 03HAKOMJICHHS

CHayasna J0KaXeM Teopemy.

Teopema 3.1 (Croyna — Beiiepmrpacca). Ilycte X — KOMITAKTHOE MPOCTPAHCTBO M

C(X) — MHOKECTBO BCEX BEIICCTBEHHBIX HEMPEPHIBHBIX (QYHKIUI, onpeaeneHHbx Ha X. Uepes
B o06o3naunM noaMHOkecTBO MHOkectBa C(X), ymoBuerBopsiomiee CICAYIONMM TpPeM

YCIOBHUSIM:

1) ecnu f,gl B, to mpousBenenue f>g u nuueitnpie komOunammu af +bg c
BEIIECTBEHHBIMH K03 durmenTamu a,b taxxe npuHaiexar B;

2) nocrosiaHast Gpynkius 1 npuHaaIeKuT B;
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3) mpemen f, BcsAkoi paBHOMEPHO CXOISMICHCS MOCIEIOBATEILHOCTH { fn} GbyHKIHH,

MPUHAUISKANUX TIOIMHOXKECTBY B, Tarke mpunamiexxur B.

Torma B = C(X) B TOM H TOJIBKO B TOM ciiy4ae, korna B paszaensier Touku nmpoctpancTsa X.

Jloka3zateabcTBO. HeoO0X0aMMOCTh yKa3aHHOTO YCJIOBHSL CIIEAYEeT M3 TOTO, YTO

KOMITaKTHOE TIPOCTPAHCTBO HOPMAJILHO, U ITOITOMY 110 Teopeme YphIcoHa [2] cymiecTByeT Takas
HenpepbIBHas BeuecTBennas Gpynkius X1 B, uto X(Sl) 1 X(SZ)

JIJ'I?I J0oKa3aTecJIbCTBa JOCTATOYHOCTH YJIO6HO BBECTH 0003HAUCHHS.

(f Og)(9) = max(f(9).9(9), (f Ug)(®) =min(f(s), g(s). (5 =[f(9).
CornacHo Teopeme BeliepmTpacca 00 annpokcuMaiuy HEIPEPBhIBHBIX (PYHKIMHA MOJMHOMAMH,

CYIICCTBYECT MOCICAOBATCIbHOCTE ITOJIMHOMOB { Pn} , TaKasi, 4To
1
It - Pn(t)\<E npu - nEtEN.

CnenoBareabHo,

- P(f (s))‘ <1l/n, eciu - n£ f(s) £n. Orcrona, COriacHO YCIOBHIO

e
(3), ciienyer, uro ‘f“ B, ecm f 1 B, rak kak Bcsaxas pynxuus f(s)T BI C(X) orpannuena

Ha KOMIAaKTHOM IpoctpaHcTse X. [loaToMy, yuuThiBas COOTHOLLIEHUS

. f + f-
rug=tre. -0

ng: f'2"9+f'29

MBI 3aKJIr04aeM, 4TO MHOXECTBO B 3aMKHYTO 110 OTHOHICHUIO K CTPYKTYPHBIM OII€paliuiIM Uun
u.

Hycts amement h1 C(X) u touku S,S, | X BHIOpaHB MPOM3BONBHO, HO TaK, UTO
s ts,. Torma bl cmoxem Hadth Qynkumio f o I B, Takyro, uTO fss, (S)=h(s) u
fss, (S) =h(s,) . B camom nene, BoiGepem Qynkumio gl B Tak, uro g(s)?! 9(s,), u Bo3bMeM
TaKue BEIIECTBEHHbIE Yncna a u b, uro pynkums f . =ag+b ynosnersopser ycnosusm
fss, (8) = h(s) u f (s)=h(s).
ITycTs Temeps 3a1aHbI IPoH3BOIbHOE € >0 u Touka t1 X . Torma mms BCAKOM TOYKH

sT X cymectayer okpectHocTs U(S), Takas, uto f (u) > h(u)- e ans Beex ul U(s). Iycts

nanee MHOXecTBa U (S)U (S,),...U (S,) MOKpBIBAaIOT KOMIIAKTHOE IIPOCTPAHCTBO X; MOJIOKUM
fo=fs UKU fo-

Torma f.1 B u f(u)>h(u)- e mns Bcex Touek Ul X. Kpome Toro, f,(t)=h(t), Tax xax

fsit(t) =h(t). CnenmoBarenbHO, CymlecTBYeT Takas oOkpectHocTh V(t) Toukm t, dro
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f(u) <h(u)+e mpu Bcex ul V(t). IMycrs wmuoxectsa V(1)V(L,),...V(t) mHOKpbIBAIOT
KOMITakTHOE rpoctpancTBo X. Onpenenum GpyHkiuo f cooTHOmeHneM
f=f UKU f, -
Torma f1 B u f(u)>h(u)- e mia Beex Touek ul X, mbo fti (Uy>h(u)-e ama ul X.
Kpome Toro, ams moGoit Toukm ul X m, B wactmoctw, mms Ul V(L) cmpaBenmmBbI
HepaBenctBa f(U) £ fti (u) <h(u) +e.
Taxum 00pa3oM, MBI TIOKa3aJIH, YTO ‘ f(u)- h(u)‘ < e Ha MHOXeCTBe X, OTKy/Ia U CJIeyeT

YTBEP>KICHHE TEOPEMBI.

Kpome annmpoxcumarmu QyHKUHMH MHOTOWIEHAMH, B IOCJEIHEE Bpemsl Bce Oouibliee
BHUMAaHHUE yJesieTcsd MPpUONMKEHUI0 (PYHKIUNH MHOTHX HNEPEMEHHBIX C MOMOUIbIO JHMHEHHBIX
omepanuii W Cyneprno3uiuil (QyHKIMUA OJHOTO TIepeMeHHoro. B mganHom maparpade Mol
MOKaXeM, YTO 3TH (YHKLUHUU OJHOIO MEPEMEHHOIO MOTYT OBITh MPOU3BOJIBHBIMH U JOKAXKEM
00061ennyro Teopemy Croyna [1,4], ecTecTBEHHBIM 00pa3oM OXBATBHIBAOIIYIO U KITACCHYECKYIO
teopeMy CToyHa, M anmpokcuManuioo (QYHKIUH MHOTUX IEPEMEHHBIX CYNEPIO3ULMSIMH U

JUHEHHBIMU KOMOMHALUAMU (DYHKIMI OJTHOTO TEPEMEHHOTO.

Teopema 3.2 (O0o6mennass Tteopema Ctoyna). Ilycth X - KOMIIAKTHOE

npoctpanctBo, C(X) - mpocTpaHCTBO HEMPEPHIBHBIX (GYHKIMH HAa X ¢ BEIIECTBCHHBIMH
snaueHussMd, C(R)- mpocTpaHCTBO HENpepbiBHBIX (YHKIMI Ha JACHCTBUTENBHOM OCH,
El C(X) - samxmyroe mmmeitHoe mommpoctpanctBo B C(X), 11 E, ¢yskuum um3 E
pasnensaoT Toukh B X W E 3aMKHYTO OTHOCHTENIBHO HEIMHEMHON YyHapHOW orlepaiuu
f1 C(R). Torma E =C(X).

Jloka3saTenbcTBo. PaccmorpuM MHOkectBO Beex Takux Pl C(R), uro p(E) I E, 1o
ects s moGoro g1 Esemommeno: p(g)1 E. O6o3naumm 310 MuOKeCTBO Py . OHO 06namaeT
CIEAYIOIIMMH CBOMCTBAMU:

1) P. - noxyrpymnma OTHOCHTEIBHO CYIIEPIO3HIMN (YHKIIHIA;

2) P. - 3amknyroe nmHeliHOe noanpoctpanctBo B C(R) (B Tomonoruu paBHOMepHOU

CXOJIMMOCTH Ha KOMITAKTaXx);

3)11 Enidl E (id(x)° x).

4) P BKIIIOYaeT XOTh OJIHY HENIPEPHIBHYIO HEITMHEWHYIO (QyHKIIHIO.

Iycts mEoxkectBo P 1 C(R) ymosnersopser ycnousam 1-4. Jlokaxem, uto Torna P =C(R).
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HOK&?:&TGJ'IBCTBO OIMUPACTCA HA TPH JICMMBI.

Jlemma 3.1. Jlns mHOxectBa P, ynoBmerBopstomero ycnosusiM 1-4, cymectByeT

IBakbl HempepsiBHO quddepenmupyemas Gpyuxuus gl P, He sBnsomascs TMHEHHO.

Hokazareascro.  Ilyere V()1 C*(R), Vv(x)=0 mpn [X>1¢y(x)dx=1.
R

PaccmotpumMm oneparop ocpeaHeHus
3,000 = of (x+ y) v Sy, (3.2)
R € e€g

rae f(X) - yHKIMS U3 yCaoBHit TeopeMbl 3.2.
Tokaxewm, uto mis ro6oro €0 semonneno: J, f (x)1 P.

HewictBurensHo, f(X+y)l P ans  kaxkmoro ¢uxcupoBanHoro Yy (T.K. KOHCTaHTBI
npuHauiekat P u P 3aMKHYTO OTHOCHTENIPHO JHMHEHHBIX OMNEpaluil W CyNeprHo3HIUuU

¢ynkmmit). Uaterpan J, f(X) npunamiexur P, Tak kak P sBisercss 3aMKHYTBIM JIMHCHHBIM
noanpoctpadctBoM B C(X), a 3TOT HHTErpa - MPEIEIOM KOHEYHBIX CYMM.

Oynxims Jg f (X) npunagnexur C¥ (R) Tak kak
100 =+ vy =gf @ WV X% (32
y € eeg R €e € g

(HaroMHUM, YTO V — QYHKIHS C KOMIIAKTHBIM HOCHTEIIEM).

[Tokaxem, uto J,f ® f (B Tomonornu paBHOMEpPHON CXOIMMOCTH Ha KOMITAKTaX):
1 .
3.F(x) = of (x+ y) = v Ly
R e eeg
clieJlaeM 3aMeHy epeMEHHBIX: Y= W, TOT/J]a HHTErpajl PUMET BU]I
e
1
J. T (X) = of (we +x) —d(we + x) = of (we + x)v(w)dw  (3.3)
R e R

[imof (we +X)v(w)dw = f (x) ¢y(w)dw = f (x).

e®0 R

Takum o6pazom J, f ® f, mpu e ® 0, ciaenoBarenbHO, CYIIECTBYET Takoe €, 4TO (DYHKIHS
g=J.f He sBugercs nMMHEWHOH, MOCKOJIBKY IIPOCTPAHCTBO JIMHEHHBIX (YHKIMH 3aMKHYTO, a
f He sBIsieTcs nuHeHHO#M QyHKuuMer. Takum 00pa3oM, B MPEIIOI0KEHHUSIX JIEMMbI CYIIIECTBYET
wemuneiinas ¢ynxius g1 P 1 C¥(R), xotopyio MoxkHO BbiGpath B Buae g =J. f . Jlemma

JOKa3aHa.
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Jlemma 3.2. Ilycte cymiecTByeT JABaXAbl HENPEPHIBHO U depeHIupyemas
dynxmmsa g1 P, He sBnsromascs mreitnoit. Torna gynkmms q(X) = X npuHagnexur P.

Joxa3zaTenbcTBo. CymecTByeT Touka X, it kotopod g'(X) ! 0. O6Go3naunmm

r(x) = 2907 %) 906) - Xg'(%,)
9"(%o)

OueBuano, uto 1 P, r(0) =0, r'(0) =0, r"(0) = 2, r(x) = x> +0(x%) . [Tostomy

lim

e®0 €

(&)~ e, (3.4)

ITockonbky P 3aMKHYTO, IOJIydacM: kst g(X) = x? mpunamiexur P . Jlemma gokasaHa.
Yy yT yq YH p

Jlemma 3.3. Ilycts B ycrmoBusx jemmbl 3.2 dynxmus ¢(X) = X° npuHamiexur P.

Torna P sBnsercs konbroMm — mis moosix f,gl P ux npomssenenne fgi P.
. 1
JlokazarenbeTBo. [leiictBurensho, fg= 2[(f +g)°- f?- gz] W, Tak kKak P 3aMkHyTO

OTHOCHTEJIBHO CYNEPIO3UIMY U IMHEHHBIX onepammii, To fgl P . Jlemma nokasana.
Jloka3arenbcTBO TeopeMbl 3.2 3aKaHYMBAETCS OOpalIeHHEeM K KIIACCHYECKOW Teopeme
Beiiepmrpacca o mpubmmkeHnn GyHKIuA MHOTOowieHamu: m3 jemMm 3.1-3.3 ciemyer, 4to B
ycnoBusix Teopembl 3.2 P sBisiercss KOJBIIOM W, B YaCTHOCTH, COACPKUT BCE MHOTOUJICHEI
(xoTopbie moayyaroTcs U3 1 u id ¢ MOMOIIBI0 YMHOXKEHUS M JIMHEHHBIX oniepanuii). [1o Teopeme

Betiepmitpacca otctona caenyer, uro P =C(X) . Teopema noka3ana.

CaencrBue. CrnenctBueM ATOW TEOpEMbl SIBISETCS TO, YTO C IOMOILIBIO OIeEpaluu
CYIICPIIO3UINHN U JIMHEHHBIX KOM6I/IHaIII/II\/II M3 MI00BIX HEJIUHEHHBIX DJIEMEHTOB MOYKHO IOJIYYUTDH

T00yI0 (QYHKIIMIO MHOTHX ITIEPEMEHHBIX C JIF000# 3aJaHHO TOYHOCTHIO.
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